Lower-extremity movement in bipedal walking is characterized by a foot-rolling motion that includes heel-strike and toe-off. We investigated the dynamical influence of this movement on walking stability using a simple walking model that has a circular arc at the end of each leg. The leg is driven by a rhythmic signal from an internal oscillator to generate walking. We focused on stability characteristics due to the arc foot based on (1) the stability region for parameters such as mass distribution and walking speed, in which the circular arc radius is optimal when it is almost the same length as the leg to maximize the stable region and (2) the rate of convergence to stable walking, which is maximized by a circular arc radius of zero. These two conflicting results imply that the optimal radius of a circular arc for local stability is a trade-off between the two criteria, reflecting a dynamic feature of bipedal walking that should be considered in biped robot design.
Introduction
Human bipedal walking features a foot-rolling motion including heel-strike and toe-off, with the feet behaving approximately as rigid circular arcs [1] . Many studies have elucidated that the foot roll-over shape plays an important role in effective walking, which has helped design such rehabilitation devices as prostheses [1, 17, 18] .
Simple bipedal walking models provide great insight into and facilitate the clarification of walking dynamics [2, 3, 19] , despite the complexities of the human musculoskeleton. In examining the dynamic influences of the rolling foot, McGeer [20] originally used circular feet for passive dynamic walking and investigated their effects in numerical simulation. In work following his pioneering research, many passive dynamic walkers have been designed and studied using circular feet [12] [13] [14] . Simple biped robots have shown that circular feet improve such properties as energy efficiency and walking speed [9, 19, 24] , as Wisse et al. [25] pointed out the stability improvement due to circular feet, although they did not thoroughly analyze clear criteria and guiding principles regarding stability.
In this paper, we investigated the dynamic effects of arc feet on stability based on a simple walking model that consists of a body and two legs. A circular foot is rigidly attached to the tip of each leg. Leg movement is driven by a rhythmic signal from an internal oscillator. We determined the periodic solution of walking and calculated the eigenvalues of the Jacobian matrix of a Poincaré map to clarify the dynamic influence on local stability. We previously clarified that a walking model with pointed rather than circular feet has selfstabilization depending on such parameters as mass distribution and walking speed [7] . Circular feet extend this stability. Analytical and numerical results show that the circular arc radius is optimal in maximizing the stable region for parameters when it is almost the same length as the leg. We also found that the radius of zero maximizes the rate of convergence to stable walking. These conflicting results imply that an optimal radius for stability exists in a trade-off between the two, reflecting the dynamics of bipedal walking and requiring consideration in biped robot design. This paper is organized as follows: Section 2 introduces the simple walking model, Sections 3 and 4 examine the stable region and the rate of convergence, and Sections 5 and 6 discuss results and present conclusions. 
Simple walking model
In our simple walking model, consisting a body and two legs (Fig. 1) , the legs are connected at the hip, leg length is l, and body mass M and leg mass m are concentrated at the hip and al (0 ≤ a ≤ 1) from the hip, respectively. A circular arc whose radius is kl (k ≥ 0) is rigidly attached to the end of each leg. When k = 0, the feet become pointed. The circular arc of the stance leg rotates on the ground without slippage. This model is constrained on the x-y plane and walks in the x-direction. Acceleration due to gravity is g. This model has two degrees of freedom, θ 1 and θ 2 , where θ 1 is the angle of the stance leg relative to the perpendicular line to the ground subject to geometric constraint so that the circular arc does not slip on the ground, and θ 2 is the angle of the swing leg relative to the stance leg directly controlled by torque u.
The walking step cycle consists of two successive phases, single-supported and double-supported, where either the stance leg or both legs contact the ground.
Single-supported phase
In the single-supported phase, the dimensionless equation of motion for
where
T is the gravity term, and
T is the input torque term. Specifically:
where cx = cos x, sx = sin x, β = m/M, u = u/Mgl, τ = t g/l, and t indicates time.() implies the derivative for τ .
Linearizing the equation of motion for angles θ 1 and θ 2 around θ 1 = 0 and θ 2 = 0 yields
Only the second term on the right side contains circular arc radius k. This means that dynamic effects of the circular foot are concentrated in this term on the linear level [9] . This linearized equation is equivalent to the linearized equation for the specific model, where flat feet are attached to the ankles and spring torque whose spring constant is (M + 2m)gkl acts on the stance ankle, i.e., the second term equals the spring torque in the flat foot model, meaning that the circular arc radius of the circular foot has similar dynamics to the spring stiffness in ankle torque with flat feet [26] .
Our model's internal oscillator generates a basic rhythm and desired joint movement [4] [5] [6] [7] [8] . The oscillator, whose phase is φ, creates a constant rhythm (φ = ω = const.). To generate rhythmic behavior for angle θ 2 for locomotion, we designed the joint movement using phase φ of the oscillator. Since the swing leg is modeled as pendulum oscillation [21] , desired angle θ 2d is designed as a simple sinusoidal function of oscillator phase φ, given by
where S is the parameter that determines the stride. Walking speed is thus affected by S and oscillator frequency ω. To follow the desired movement, angle θ 2 is controlled using high-gain feedback control torque u , given by
where K p and K d are gain constants. Given the above, model state variable q is defined as q
Double-supported phase
When the circular arc of the swing leg contacts the ground, both legs contact it. This geometric condition is given by r(q) = 2θ 1 − θ 2 = 0. We assumed that the duration of the double-supported phase is sufficiently short so that the swing leg is constrained on the ground and the stance leg immediately leaves it, meaning that the role of each leg changes in an infinitesimal period, written by
where () − and () + indicate just before and after the double-supported phase. This yields the following relation from the condition of desired angles θ
Impulsive force occurs at the contact point of the circular arc of the swing leg, resulting in discontinuous changes in angular velocities. We also assumed that the stance leg leaves the ground without interaction with it and that the influence of the actuator during the double-supported phase is negligible and thus ignored (Sec. 3.1). Under these assumptions, by calculating the impulse added to the walking model [16] and considering the geometric constraint of the circular arc of the support leg just before and after the double-supported phase, the relationship between states immediately prior to and following the double-supported phase is given by
Note that these states satisfy the conservation of angular momentum around the contact point between immediately before and after the double-supported phase.
Walking behavior
We conducted numerical simulation based on the simple walking model and the above equations, using β = 0.2, k = 0.5, a = 0.5, and S = 0.1 rad. We designed gain parameters K p and K d in Eq. (5) by introducing parameters ω f and ζ f , given by
where we used ω f = 10π and ζ f = 0.8. Figures 2A and B show angular velocityθ 1 versus angle θ 1 using ω = 2.2 rad and ω = 0.6 rad, respectively. In Fig. 2A , the trajectory converges to a closed orbit, i.e., limit cycle, indicating that walking is stable. The black circle is the initial state. Figure 3 displays simulated walking. In Fig. 2B , the trajectory deviates from periodic behavior and diverges, implying that walking is unstable.
When walking is stable, the trajectory converges to a closed orbit, and when unstable, it does not, and diverges. Walking stability depends on such parameters as oscillator frequency ω, mass ratio β, and circular arc radius k. Therefore, we investigate further details of stability.
Stability dependence on parameters
We studied walking stability, analyzing stability dependence on parameters based on approximate analysis to establish broad characteristics and verifying them in rigorous numerical simulation.
Approximate analysis
In looking at stability dependence on parameters in walking, we first analyze equations by linearizing angles θ 1 and θ 2 (Sec. 2.1). When walking angles and angular velocities are small, approximate analysis gives valid results.
Angle θ 2 is manipulated by feedback control (Eq. (5)). When we use sufficiently high-gain feedback control torque, i.e., a large ω f and a valid ζ f (Eq. (9)), angle θ 2 catches up with desired angle θ 2d sufficiently quickly. During the singlesupported phase, rise time δ for controlled angle θ 2 , which it takes to approach the desired state, becomes O(ω 
B
[rad]
[rad] using a large ω f and an appropriate ζ f , the error between angle θ 2 and desired angle θ 2d can be ignored, and we assume that angle θ 2 is identical to desired angle θ 2d during the single-supported phase by considering δ 1.
As described in Sec. 2.2, we assumed that time interval ε for the doublesupported phase is sufficiently small. Since this analysis uses two different small parameters δ and ε, we must ensure an adequate mutual relationship. We assume that time interval ε is much shorter than rise time δ, that is, O (1) . Therefore, terms C e (q e ,q e ), G e (q e ), and U e are ignored, i.e., input torque can be ignored during the double-supported phase, yielding relationship (8).
In the second approximation, we analyze walking under condition θ 2 = θ 2d (φ). That is, we use the first row in equation of motion (10) to determine the movement of angle θ 1 during the single-supported phase, and we use the first row in Eq. (8) to calculate changed angular velocityθ 1 based on foot contact. In this case, the state variable is redefined as q
Approximate periodic solutions
To obtain approximate periodic solutions of walking under the above approximations, we linearize the first rows of Eqs. (1) and (8), obtaining a set of equations by
λ depends on the parameters of mass ratio β, location of leg mass a, and circular arc radius k and its sign changes (Figs. 4A and B) . As β, a, and k increase, λ decreases, and vice versa, i.e., as the center of mass is located lower and the circular arc radius increases, λ decreases. From Eq. (11), the equation of motion for angle θ 1 is written bÿ
where function g(φ) is the periodic function due to the periodic movement of angle θ 2 and can be considered an external periodic force for angle θ 1 . The sign of λ plays an important role in this equation. When λ < 0, the eigenvalues of the homogeneous equation are ± √ −λj, and the system is oscillatory, with a natural frequency of √ −λ. When λ > 0, eigenvalues are ± √ λ, and the system is divergent. This dynamic property is related to the fact that the circular arc radius of the circular foot has similar dynamical characteristics of spring stiffness in the ankle torque with flat feet (Sec. 2.1). This feature, which depends on λ, heavily influences stability, as detailed below. Based on λ, approximate periodic solutions are obtained as follows:
Periodic solutions to (11) are given by
2 } and τ = 0 and τ = T (= π/ω) imply dimensionless time just after and before a double-supported phase. Figure 5A shows periodic solutions obtained by this approximate analysis and numerical simulation using β = 0.2, k = 0.5, a = 0.5, S = 0.1 rad, ω = 1.0 rad, ω f = 10π, and ζ f = 0.8. Note that numerical simulation was based on original nonlinear equations (1), (6), (7), and (8) and verified that approximate analysis established valid solutions.
Case 2. λ < 0
Periodic solutions to (11) become equivalent to
Figure 5B shows the periodic solutions using β = 0.2, k = 1.5, a = 0.5, S = 0.1 rad, ω = 1.0 rad, ω f = 10π, and ζ f = 0.8.
Case 3. λ = 0
Periodic solutions to (11) are obtained by
Note that in both cases λ > 0 and λ < 0, periodic solution θ 1 (τ ) uniformly converges to (15) as λ approaches 0, i.e., lim λ→+0 θ 1 (τ ) = lim λ→−0 θ 1 (τ ).
Local stability analysis
We previously achieved approximate periodic solutions for walking, so here we look at local stability using obtained periodic solutions and a Poincaré map, where we use the state just after a double-supported phase as the state on the Poincaré section. A Poincaré map, which is the return map from one point on the Poincaré section to the next point on it, is denoted as q → p(q), and then
where q + i is the state immediately following the ith double-supported phase. Note that fixed point q * on the Poincaré section satisfies 
By adding perturbationq + i from fixed point q * just after the ith doublesupported phase, where() indicates perturbation, and linearizing Poincaré map p at fixed point q * , Jacobian matrix J (q * ) of the Poincaré map satisfieŝ
Periodic walking is asymptotically stable if all eigenvalues of Jacobian matrix J (q * ) are inside the unit circle on the complex plane, i.e., all magnitudes of eigenvalues are less than 1.
We derive the Jacobian matrix of the Poincaré map using the obtained periodic solutions. Since walking is governed by continuous and discrete equations, the Jacobian matrix must be affected by such hybrid structure. By following [11] , Jacobian matrix J (q * ) becomes equivalent to the product of three matrices B, D, and E. First, let the periodic solution, the step period, and the perturbed state from periodic solution q * (τ ) from just after the ith double-supported phase to the next double-supported phase be q * (τ ), τ * , and q * (τ ) +q i (τ ), whereq i (τ ) is subject to initial conditionq i (0) =q + i . Matrices B and D are given by
where I 3 is a 3 × 3 unit matrix and ∂ q ≡ ∂ ∂q
. Perturbation evolving after the i+1th double-supported phaseq
The substitution of perturbed state q * (τ ) +q i (τ ) into equation of motion (11) givesq
Matrix E is derived by integrating (21) as follows:
Substituting the periodic solutions into (19) and (22) yields matrix BDE by
where * does not influence eigenvalue calculation and
Matrix BDE has one zero eigenvalue (Λ 1 = 0), and the other two eigenvalues Λ 2,3 are obtained from
where 
Periodic solutions are marginally stable for 0 ≤ ζ ≤ 4; otherwise, they are unstable. Note that although this analysis only shows that walking is marginally stable or unstable, we can determine that it is actually asymptotically stable when this analysis indicates marginal stability [7] , which we confirmed through numerical simulation.
Since ζ depends on mass ratio β, circular arc radius k, and oscillator frequency ω, these parameters determine walking stability (a = 0.5). Figure 6 shows the stability regions with respect to k and ω for β = 0.1, 0.2, and 0.3, divided into two stable and two unstable regions by two boundaries and calculated from condition 0 ≤ ζ ≤ 4. For β = 0.2, we verified boundaries by numerical simulation based on original nonlinear equations (1), (6), (7), and (8), where we fixed β and k and increased or decreased ω from the value in the stable region to examine where walking becomes unstable. The two boundaries intersect near k = 1 (black dots), where the stable region for ω is maximized and walking behavior is always stable, suggesting that when k is close to 1, the structure of this model closely resembles a circular disc, resulting in a specific increase in the stable region. Figures 7A and B show the stability region with respect to β and ω for k < 1 and k > 1, respectively, divided into two stable and one unstable regions by two boundaries. When k < 1, the increase in k results in increased stable regions. When k > 1, the increase of k leads to decreased stable regions.
When circular arc radius k exceeds the value at which one stability boundary intersects with axis ω = 0 in k < 1 (Fig. 6, open dots) , λ becomes negative. λ changes monotonically based on k (Sec. 3.2). Specifically, as k increases, λ decreases, and vice versa. When λ > 0, the stability region for ω is simply divided into one stable and one unstable region by one stability boundary and the stable region decreases as λ increases. When λ < 0, however, the stability region is divided by two boundaries and becomes complex near λ = 0. When k increases and λ further decreases, the stability region is simply divided again into one stable and one unstable region by the different stability boundary from λ > 0, and the stable region decreases as λ decreases. To clearly illustrate these stability characteristics, we modified the figure into Fig. 8 that used λ as the horizontal axis, where the gray areas indicate stable regions. One stability boundary depends on β and the other is equivalent to function ω = √ −λ. When λ < 0, √ −λ means the natural frequency of the movement of angle θ 1 , that is, the movement of the body relative to the stance (Sec. 3.2). ω is the frequency of the internal oscillator equivalent to the frequency of swing leg movement (Sec. 2.1). Therefore, this boundary explains stability characteristics inherent in the dynamic relationship between these two oscillatory elements. This analysis concludes that the swing leg must be driven in a higher frequency than the natural frequency of the body movement to establish stable walking.
Stability regarding rate of convergence
Having clarified the dynamic contribution of the foot circular arc to walking stability for such parameters as mass ratio and oscillator frequency by the stability region, we must clarify how quickly walking converges to the stable periodic motion after it is disturbed from periodic movement. Although we can find the rate of convergence from eigenvalue analysis based on the Jacobian matrix of the Poincaré map, this was not clarified in approximate analysis. Therefore, we investigate the rate of convergence in rigorous numerical simulation based on original nonlinear equations. Specifically, we find a fixed point on the Poincaré section using the Newton-Raphson method and add numerical perturbations to calculate the Jacobian matrix and its eigenvalues, where we find the fixed point at an accuracy of 10 −7 and add perturbations of the order of 10 −4 . As the eigenvalues decrease, the rate of convergence increases. 
Dependence of rate of convergence on parameters
We determined the dependence of the rate of convergence on parameters by calculating the eigenvalues of the Jacobian matrix of the Poincaré map. Figure 9A shows the maximum eigenvalue for k and ω using β = 0.2, where solid lines are stability boundaries obtained in the previous section. In stable regions enclosed by boundaries, the maximum eigenvalue is less than 1 and the maximum eigenvalue exceeds 1 in unstable regions. We focus on the behavior of the maximum eigenvalue in stable regions. As oscillator frequency ω increases, the maximum eigenvalue decreases. As circular arc radius k in- creases to 1, however, the maximum eigenvalue increases. This clarifies that although the rate of convergence increases with walking speed, it decreases with increasing foot circular arc radius (Fig. 9B ). Near k = 1, the maximum eigenvalue is maximized and approaches 1.
Although the stability analysis in the previous section showed that the stable region for parameters is enlarged as k increases to 1, this analysis clarified that the rate of convergence decreases as k increases to 1.
Mechanism in parameter dependence
We next investigate the mechanism of parameter dependence of the rate of convergence.
In general, how quickly the movement converges to steady behavior after being disturbed is closely related to how quickly the added energy is dissipated. Therefore, we examined energy dissipation due to the impulsive force acting on the foot contact point. We introduce energy dissipation rate ν as follows:
where E is mechanical energy and t − and t + are times just before and after the double-supported phase. This means the discrete change in mechanical energy due to the impulsive force divided by the average per one walking period. Figure 10 shows energy dissipation rate ν with respect to k for various ω, calculated by numerical simulations based on original nonlinear equations. Energy dissipation rate increases with ω and is minimized near k = 1 [10] . These characteristics closely resemble the properties of the rate of convergence (Fig. 9B) , implying that the rate of convergence is strongly related to energy dissipation due to impulsive force.
Discussion

Stability
We have studied the dynamic effects of an arc foot on walking stability based on a simple walking model driven by a rhythmic signal from an internal oscillator, focusing on parameter dependence of the stability region and the rate of convergence to stable walking. We determined the following two characteristics:
(1) The stable region for parameters increases with the circular arc radius, and the radius is optimal when it is almost the same length as the leg. (2) The rate of convergence decreases with increasing radius, and the radius of zero is optimal.
The former may reflect the resemblance of the structure to a circular disc. The latter is affected by energy dissipation due to impulsive force acting on the foot contact point. These results may mutually conflict, implying that the optimal radius of the circular arc for stability exists due to a trade-off between these criteria, which would reflect the dynamic characteristic of bipedal walking and should be considered in biped robot design.
Two different oscillatory elements
Circular feet are generally installed rigidly on the shank of the leg to produce simple models and biped robots. The dynamic effects of circular feet resemble those of flat feet on ankles with a torsional spring [26] . The circular arc radius of circular feet has similar dynamics to spring stiffness in the ankle torque with flat feet. In the linearized equation of motion (Sec. 2.1), the effect of the circular foot is equivalent to spring torque whose spring constant is (M + 2m)gkl. Therefore, the body receives greater restorative torque as circular radius kl increases. In a pointed foot walking model, the body falls around the stance foot and the dynamical system is divergent. Walking is generated without stumbling as the swing leg is swung forward, and foot roles change based on foot contact. However, when the circular radius exceeds a certain threshold, the system changes from divergent to oscillatory, where dynamics resemble a model in which the center of mass is located under the foot contact point during walking, as with a pendulum, greatly changing the mechanism for creating walking. This depends on λ (Sec. 3.2), which is the coefficient of the homogeneous equation of motion. Since in this model the swing leg is driven by a rhythmic signal from an internal oscillator, the body receives periodic forces. Therefore, walking is driven by two different oscillatory elements whose relationship plays an important role. We investigated the dynamic effect of this relationship on walking stability, revealing that it is determined by the larger of the two frequencies.
We examined stability due to arc feet looking only at local stability. However, more thorough analysis such as basin of attraction and global stability analysis is needed to fully clarify dynamic effects.
Relationship with passive dynamic walking
Passive dynamic walking is a common walking model in which walking is driven by gravitation on a shallow slope [20] , whose stability was also analyzed [15, 22, 23] . The body falls around the stance foot and the swing leg is swung forward by gravity. Body dynamics is thus divergent and swing-leg dynamics is oscillatory, similar to our model. When the passive dynamic walking model has circular feet and the radius exceeds a certain value, the body's dynamics changes from divergent to oscillatory, suggesting a similar stability inherent in passive dynamic walking, e.g., the rate of convergence depends on the circular radius and has similar properties [20] .
Conclusions
We have studied the dynamic effects of the arc foot on walking stability based on a simple walking model driven by a rhythmic signal from an internal oscillator, which clarified stability structures in generating walking behavior with arc feet and an internal oscillator.
